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ABSTRACT 

Consider t he  nonlinear i n t eg rod i f f e ren t i a l  system 

with ini t ia l -boundary conditions 

Let a. and T~ be t h e  zeroth Fourier cosine coe f f i c i en t s  of a 

and 7. Under c e r t a i n  general assumptions it i s  known t h a t  i f  

aovo # 0, then u ( t )  and T(x,t) tend t o  zero as  t + 03. We 

show t h a t  when aovo = 0 the  funct ions u and T have l i m i t s  as  

t 403. These l i m i t s  a r e  complicated but  can be e x p l i c i t l y  expressed. 
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AN UNSTABLE N O N L I W  INTEGRODIFFERENTIAL SYSTEM 

R. K. MTLIXR 

I. INTRODUCTION. 

We s h a l l  study t h e  behavior as t + a  of solut ions of t h e  

nonlinear system 

7r 

(1) U' (t) = -J" a(X)T(x,t)dx,Tt = Txx + v(x)g(U(t)) ,  (0 < x < Ti-, t  > 0 )  
0 

where = d/dt. We assume init ial-boundary conditions 

( 2 4  ~ ( 0 )  = u0, T(x,O) = f (x ) ,  

T (0,t) = T (Ti-,%) = 0. 

(0 S x 6 Ti-) 

( 0  < t < m) 
(2b 1 X X 

I n  case g(u) = exp(u)-1, these equations descr ibe t h e  be- 

havior of a continuous medium nuclear reac tor  idea l ized  as a s l ab  

of length 7 with insu la ted  faces.  The unkown u i s  the  logarithm 

of reac tor  power while T represents t he  d i f fe rence  between t h e  

ac tua l  and t h e  design-equilibrium temperatures. 

We introduce the  Fourier coe f f i c i en t s  

Ti- T 

Qlo = (*/a)[ a(s)ds,an = ( 2 / ~ ) [  a(s)cos ns ds 
0 0 

for  n = 1,2,3,. . . . Similarly '1 and fn are  t h e  Fourier  cosine n 

coef f ic ien ts  of '1 and f .  Define two sequences 
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hn = cx 71 k = Q: f (n = 0,1,2,. ..) n n' n n n  (3 ) 

' and two functions 

2 
m 

a ( t )  = ( ~ / 2 )  c hnexp(-n t), 
n= o 

( 4 4  

2 
W 

(4b) b ( t )  = (v/2) knexp(-n t). (0 5 t < a).. 
n= o 

Then the  so lu t ion  u 

d i f f e r e n t i a l  e quat ion  

of (1,2) must s a t i s f y  t h e  Volterra  integro-  

t 
u ' ( t )  = - b ( t )  - I a ( t - s )g (u ( s ) )ds ,  u(0) = uo. 

0 
(3) 

Once the  so lu t ion  of  (3) i s  known, t he  function T(x , t )  i s  given 

by 

where f o r  n = 0,1,2,. . . we have 

(7) 

Bronikowski [l] studied (1,2) when g(u) = u i s  l i n e a r .  

Under c e r t a i n  assumptions he shows t h a t  if h > 0 t h e  funct ions 
0 
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u ( t )  and T(x,t)  decay t o  zero exponentially as  t -+ m. Using 

t h e  exponential decay one can prove the  l o c a l  s t a b i l i t y  of t h e  

t r i v i a l  so lu t ion  

Levin and Nohel [2] a l so  study the  nonlinear problem (1,2). 

s t a b l e  case ho > 0 they show t h a t  t he  t r i v i a l  solut ion of (1,2) 

i s  global ly  asymptotically s table .  

case 

r e s u l t s  i n  t h e  case where 

u 3 0, T = 0 of t he  nonlinear problem (1,2). 

I n  t h e  

They a l s o  obtain a r e s u l t  i n  

a. = '7, = 0.  The purpose of t h i s  paper i s  t o  obtain complete 

h 0 = 0. We prove: 

THEOREM 1. Suppose the  following assumptions -- a re  t rue :  

2 (Al) f , f l  , 7, '7' - and a E L (O,T) ,  

(A2) hn 2 0 for a l l  n and .hn > 0 fo r  a t  l e a s t  one -- - -_-- 
n > 0, 

(A3)  g - i s  l o c a l l y  Lipschitz continuous - on -03 < u < 03, 

(Ah) ug(u) > 0 - i f  u # 0, 

(A5) G(u) = I g(s)ds  --fa, - as IuI 4 0 3 ,  

(A6) t he re  e x i s t s  K > 0 -- such t h a t  lg(u)I 5 K(G(u)-tl) - f o r  

U 

0 

(A7) g' (0) e x i s t s  - and g ' ( 0 )  > 0. 

If ho = ko = 0, then the  solutions u and T e x i s t  f o r  a l l  --- - -- - 
t s: 0 and s a t i s f y  - 
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TKEOREM 2. 

-- t he  l i m i t  T(x,t)  e x i s t s  uniformly - i n  0 5 x 5 TT - as 

t + t Q  and t h i s  l i m i t  equals --- 

Suppose ho = 0, ko # 0 ( i . e .  aofo # O , v o  = 0) .  Let - 
( A l - 2 )  be t r u e  and suppose g s a t i s f i e s  --- 

(A8)  g E C 1 ( - w , w )  with g' (u) > 0 f o r  a l l  
__ - u, 

(Ag) f o r  each u there  e x i s t s  K = K(ul) > 0 such t h a t  -- 1 -  . .  

03 -2 Define M = -ko/( c hnn ). If the re  e x i s t s  u such t h a t  g(u,) = 1 -- 

then the  so lu t ion  u and T e x i s t  f o r  a l l  t > 0 and 

-- 
n= 1 

M, - - - --- - 
a) u ( t )  +u1 t + w, 

uniformly f o r  0 5 x 5 T .  - 
I f  g(u) > M (< M) - - u ,  for  a l l  - then - 

d)  u ( t )  ++a (a) as t -) co, 

e) 

- 
2 03 

l i m  T(x , t )  = fo/a + g* C (vncos nx)/n 
t n= 1 

where g* = l i m i t  g(u)  a s  u ++a, (--00). - 
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. 
. 

Note t h a t  when g(u) = exp u-1 t h e  conditions (A3), (Ab), 

(A?), (A7) and (A8) a re  c l e a r l y  t rue .  

i s  t r u e  f o r  any K > e(e-1) . Similar ly  i n  (Ag) we can take 

K > e(e-1) m a x  (exp(ul) , l) .  For t h i s  g we cannot have M > g(u) 

i n  Theorem 2. It i s  poss ib le  t o  have M < g(u),  t h a t  i s  M 5 -1 < 

exp(u)- l  f o r  a~ u 5 0 .  

It i s  e a s i l y  shown t h a t  (A6) 
-1 

-1 

11. PRFLDNARIES. 

We need t h e  following lemma which i s  a spec ia l  case of a re -  

s u l t  of Levin and Nohel [3, Theorem 1 3 .  

LEMMA 1: Suppose g(u) s a t i s f i e s  (~3-6) and t h e  functions a ( t )  

and b ( t )  s a t i s f y  

(iii) b ( t )  E C[O,w) fl L 1 ( 0 , ~ ) ~  b ' ( t )  E C(0,w) and I b ' ( t ) l  

i s  bounded on 0 < t < m. 

If  u ( t )  i s  any so lu t ion  of equation (7) then u ( t )  e x i s t s  f o r  a l l  

t 2 0 and u ( t ) ,  u l ( t )  4 0  as t -+ w, 

We shall also need some information concerning the  equation 

obtained from (>) by ' l inear iza t ion ,  

t 
v ' ( t )  = - b ( t )  - / a(t-s)g'(O)v(s)ds,v(O) = uo. 

0 
(8 1 
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We s h a l l  study equation (8) using techniques s imi la r  t o  those of 

[4].  

(A2) and (A7) a r e  t r u e  and tha t  h = k = 0 .  

We s h a l l  assume throughout t he  following discussion t'nat (Al), 

0 0 

Since a ( t )  and b ( t )  a r e  bounded, it i s  e a s i l y  shown t h a t  

v ( t )  e x i s t s  for all t L 0, i s  unique and i s  of exponential  order, 

c.f. [4, Lemma 4.11 or [5 ,  Theorem 2.11. Let V(w) denote t h e  

Laplace transform 

W 

V(w) = 1 exp(-wt)v( t )dt .  
0 

We s h a l l  show t h a t  V s a t i s f i e s  t h e  hypotheses of  a Tauberian theorem 

due t o  Von Stach;, c . f .  [6, p. 2771. 

An elementary calculat ion using (4) and (8) shows t h a t  

where 

00 co 
2 -1 2 -1 I,(w) = h n (w-tn ) , 12(w)  = k n (w+n ) . 

n= 1 n= 1 

The functions I a re  c l e a r l y  ana ly t ic  funct ions of t he  complex 

va r i ab le  w when w # -1, -4-9,. . . . I f  cr = Rew L 0, w # 0, then 
3 

by (A2) 

2 2 2 + = 2 ) - l  ReIl(cr+i.r) = c h n (a+n X(a+n ) > 0. 
W 

n= 1 
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Thus V(w) i s  ana ly t ic  when Rew 2 0. 

From the  form of I it follows by elementary estimates t h a t  
j 

for j = 1,2, and n = 0,1,2, ... . The constant H i s  independent 

of j and n. Also 

when w = u + i.c, -03 < u < w, I T I  > 0. 

Using (9) and (10) it follows by induction, c . f .  [4, Lemma 

5.41, t h a t  

n = 0,1,2, ... . 
t h a t  for any o0, T > O  

The above estimates and in tegra t ion  by p a r t s  show 

00 

I 1 exp(i.rt)V(cro+i.c)dTl + 
Y 

-Y I 1 exp(iTt)V(oo+i.r)dTl 3 (as y + w) 
-00 

uniformly f o r  T 5 t < 00. Tne d e t a i l s  of t h i s  a r e  the  same as 

those i n  the proof of Lemma (5.5) of [4]. 
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LEMMA 2. Suppose (Al-2) hold and v ( t )  solves (8). -- 
a) If h = k = 0 then t n v ( t )  -+O as t .+a f o r  - - 0 0 ' -  - 

n = 0,1,2 ,... . 
b) I f  ho = 0, then the r e s u l t a n t  kernal  R ( t )  f o r  equation 

(8) s a t i s f i e s  t n R ( t )  --i, 0 as t -+ to f o r  n = O,1,2 ,... . 
-- - 

- - 

PROOF: Our analysis  of V(w) shows t h a t  t h e  hypotheses of Von 

Stach6's Tauberian theorem are s a t i s f i e d .  Thus a) follows immediately. 

Par t  b )  i s  a spec ia l  case of a) s ince R ( t )  i s  t h e  solut ion of (8) 

i n  the spec ia l  case where u = 0 and b ( t )  G a( t )g ' (O) .  
0 

111. PROOF OF THEOREM 1. -- 

Assumption (A2) and l i n e  (4a) imply (i) and (ii) of Lema 1. 

Since ko = 0 l i n e  (4b) implies (iii). Thus Lemma 1 appl ies  t o  t h e  

unique solut ion u of ( 3 ) .  It follows t h a t  u ( t )  e x i s t s  f o r  a l l  

t 2 0 and t h a t  both u ( t )  and ~ ' ( t )  tend t o  zero as t -+ a. 

Define 

and 

t t 
A ( t )  = g ' ( 0 )  I a(s)ds, B ( t )  = I b(s)ds,  (0 I t < m) 

0 0 

Since D(u) = o( lu1)  and u ( t )  4 0 ,  
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1 for  some constant K > 0. Thus we w i l l  prove t h a t  g ( u ( t ) )  E L ( 0 , ~ )  1 
1 i f  we prove t h a t  u ( t )  E L (0 ,m) .  

The r e s u l t a n t  R s a t i s f i e s  

t 
- R ( t )  + A ( t )  = J R(t-s)A(s)ds.  (t 2 0) 

0 

Since u ( t )  solves 

it follows t h a t  

t t 
u ( t )  = uO(l-./ R(s)ds) - ( B ( t )  - J R(t-s)B(s)ds) 

0 0 

t 
- ./ R(t-s)D(u(s))ds, 
0 

t 
= v ( t )  - I R(t-s)D(u(s))ds.  

0 

The function v i s  the  solution of  problem (8). 

Pick K > 0 such t h a t  ID(u(t)) l  5 K for  a l l  t 2 0. By 

Lemma 2 we may assume f o r  the same K t h a t  

Since u ( t )  0, there  ex i s t s  T > 0 such t h a t  for a l l  t 1 0 



' I  
, 

-I ID(u(t+T))I 5 K Iu( t+T)I .  

Thus when t 2 0 

T 
u(t+T) = V ( t + T )  - J R(t+T-S)D(u(s))ds 

0 

- t R(t-s)D(u(s+T))ds, 

0 

Iu(t+T)[ 6 K ( t + l ) - 3  + K 2 ( t + l ) - *  + 

t 
i J ( t + l - ~ ) - ~ l u ( s + T ) I d s ,  
0 

t 
d H l ( t )  + J €$(t-s)Iu(s+T)Ids. 

0 

The comparison theorem of Nohel [?, Theorem 2.11 implies 

t h a t  Iu(t+T)I I U ( t )  for a l l  t 2 0 where U i s  t h e  so lu t ion  of 

t 
U ( t )  = H l ( t )  + J H2(t-s)U(s)ds. 

0 
(14 1 

I Since H1 and H2 E L (0,w) and 

it follows by the  p r inc ip l e  of cont rac t ion  mappings t h a t  (14) has a 

unique so lu t ion  U L ( 0 , ~ ) .  Since U ( t )  majorizes Iu(t+T)I we 1 

I u E: L (0,m). see  t h a t  This proves p a r t  b) of Theorem 1. 

To f i n i s h  p a r t  a )  note t h a t  
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t 
~ " ( t )  = -b' (t) - a(O)g(u(t))  - I a' ( t - s )g(u(s ) )ds .  

0 
, 

Since g ( u ( t ) )  4 0  and a ' ( t )  i s  L'(O,w), t h e  dominated con- 

vergence theorem implies 

t 
a' ( t - s )g(u(s ) )ds  -+ 0. 

0 

Since b ' ( t )  and g ( u ( t ) )  a l so  tend t o  0, we see t h a t  u"(t) 4 0  

as t -+ w. 

To prove p a r t  c )  note t h a t  T(x,t)  i s  given by formulas (6) 

and (7). Thus 

as t + w  uniform f o r  x on the  i n t e r v a l  0 5 x 5 7 ~ .  This proves 

Theorem 1. 

IV. PROOF OF THEOF3M 2 .  -- 
Using the  d e f i n i t i o n  of u a, a ( t )  and b ( t )  it fol lows 1J 

t h a t  

t 
U p )  = - b o w  - I a( t -s)go(uo(s))ds ,  

0 
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where 

a n d  

2 03 

bo( t )  = (7r/2) C (kn-Mhnn2)exp(-n t ) .  
n= 1 

Par t s  a)  and b)  of Theorem 2 may now be proved i n  exact ly  t h e  same 

manner as p a r t  a) of Theorem 1. 

The funct ion T(x,t) i s  defined by formulas (6) and (7). 

Since u ( t )  + ul, 

0 

t 
5 J exp(s- t )  

0 

Thus uniformly f o r  0 I x 6 T t h e  expression 

co 

03 

c 



- 

tends t o  zero as  t - + w  

If M > g(u) f o r  a l l  u (or  M < g(u),  then it i s  e a s i l y  

shown t h a t  u ( t )  -++~J(-oJ) and g ( u ( t ) )  -+g(+w) (or g(-m)). The 

.behavior  of T(x , t )  a s  t -+ 03 may then be analyzed using the  

method above. This proves Theorem 2. 
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